Abstract. Let D be a division ring with center F , K a division subring of D and assume thatN is a subnormal subgroup of the multiplicative group D * of D. The famous Cartan-Brauer-Hua Theorem states that if K is N -invariant, then either K ⊆ F or K = D. In this note, we extend this result for almost subnormal subgroups in D provided F is infinite.
Let G be a group and N a subgroup of G. Following Hartley [1] , N is an almost subnormal subgroup if there exists a sequence of subgroups
such that for any 0 ≤ i < r, either N i+1 is normal in N i or [N i : N i+1 ] is finite. Such a sequence of subgroups is called an almost normal series in G. We say that N is an almost subnormal subgroup of defect (or depth) r if there is a series (1) of length r + 1 and if no such a series of lesser length exists. Let D be a division ring with center F and K a division subring of D. The well-known Cartan-Brauer-Hua Theorem states that if K * is normal in D * , then either K ⊆ F or K = D. Assume that N is a non-central subgroup of D * such that K * is normalized by N , that is, xK * x −1 = K * for any x ∈ N . Then, we say that K is N -invariant. Herstein and Scott proved that if N is subnormal subgroup of D * , and K is N -invariant, then either K ⊆ F or K = D (see [5] and [7, p. 439] ). This result is sometimes referred as the Cartan-Brauer-Hua Theorem for subnormal subgroups in division rings. In this note, we will extend this result for the case when N is an almost subnormal subgroup of D * and F is infinite. Our main aim is to prove the following theorem.
Theorem 1. Let D be a division ring with infinite center
From definitions we see that in a group, any subnormal subgroup is almost subnormal. The existence of almost subnormal subgroups that are not subnormal in division rings has been noted in [6] .
Throughout this note, we use the notation [a, b] = aba −1 b −1 for the multiplicative commutator of elements a and b in a division ring D. For the definition of generalized group identities (GGI) we refer to [8] . 
For 0 ≤ i < r, if N i+1 is not normal in N i , then as we have remarked above, there exists a positive integer s i such that x si ∈ N i+1 for any x ∈ N i . We construct a series of subgroups H n of D * depending on N and a as follows:
Otherwise, there is a positive integer s n such that x sn ∈ N n for any x ∈ N n−1 . In this case, we put H n := x sn | x ∈ H n−1 . If a ∈ N , then by induction, it is easy to see that H n ≤ N n for any 0 ≤ n ≤ r. Moreover, we get the following new almost normal series
Also, for this series we can prove the following lemma.
Proof. The proof is a slight modification of [7, 14.3.6] . We prove the lemma by induction on n. It is trivial that bH 0 b −1 = H 0 . Assume that 0 < n ≤ r and
Now, assume that N n is normal in N n−1 . Then, H n = yay −1 | y ∈ H n−1 , and we have
Now, keeping the assumption and the notation for N as above, we build inductively a sequence of elements w n of D * depending on N as follows. Let a, b ∈ D * . Put w 0 (a, b) = a. For any positive integer n ≤ r, assume that w n−1 (a, b) is defined. If there exists s n such that x sn ∈ N n for any x ∈ N n−1 , then we put
then w n (a, b) ∈ N n for any n < r and w n (a, b) ∈ N r = N for any n ≥ r. Now, assume that K is a division subring of D such that K is N -invariant and K ⊆ F . Suppose that h ∈ (K ∩ N )\F and g ∈ N \{−1}, and consider the elements
).
By induction on n, one can prove the following lemma.
Proof. By the straightforward checking.
Lemma 6. Let D be a division ring with infinite center F , and assume that
−1 x −1 = 1, so by Proposition 3, N is central, a contradiction. Therefore, replacing N by N ′ if it is necessary, without loss of generality, we can assume that in a series
the subgroup N r is normal in N r−1 , and we have to show that K * ∩N is not abelian. Assume the contrary that K * ∩ N is abelian, and take any a ∈ K\F . For any b ∈ N , we claim that w r (a, b) ∈ K * ∩N . Indeed, as we have noted above, w r (a, b) ∈ N r = N . Now, we prove by induction that w n (a, b) ∈ K * for n ≥ 0. In the beginning, we have w 0 (a, b) = a ∈ K * . Suppose that w n (a, b) ∈ K * , then consider The following lemma is the special case of Theorem 1 when K is assumed to be a subfield of D.
Lemma 7. Let D be a division ring with infinite center F , and assume that
Proof. Assume that K is subfield of D which is non-central and N -invariant. Let a ∈ K\F . Then, for every b ∈ N, one has bab −1 ∈ K, so bab 
The following lemma is essential in the proof of the main result in this note.
Lemma 9. Let D be a division ring with infinite center F , and assume that N is a non-central almost subnormal subgroup of
Consider the subgroups H n constructed as in Lemma 4 for 0 ≤ n ≤ r. Let g ∈ H r . Since H r ≤ N r = N , gag −1 ∈ K * . We first claim that
Indeed, for any b ∈ C D (a), we have
Recall that gag
The claim is now proved. Now we claim that the center
. Now, by applying Lemma 7 for the subgroup H r and subfield Z (C D (a) ), we have Z(C D (a)) ⊆ F . In particular, a ∈ F , a contradiction. Thus, the proof of the lemma is now complete. 
Proof. Deny the corollary, by Lemma 8, there exists h ∈ (N ∩ K ∩ C D (g))\F . Hence, g ∈ C D (h), but by Lemma 9, C D (h) ⊆ K, so g ∈ K which contradicts to the supposition. Now, we are ready to prove the main result in this paper.
Proof of Theorem 1.
Assume that N is an almost subnormal subgroup in D * of defect r with an almost normal series
Observe that if N r has finite index in N r−1 , then the core
of N r in N r−1 is a normal subgroup of finite index in N r−1 . We claim that Core Nr−1 (N r ) is non-central. Indeed, if Core Nr−1 (N r ) is central, then a n ∈ Core Nr−1 (N r ) for any a ∈ N r−1 , where n = [N r−1 : Core Nr−1 (N r )]. Hence, N r−1 satisfies the identity x n y n x −n y −n = 1. By [6, Theorem 2.2], N r−1 is central, so is N = N r ⊆ F , a contradiction. To prove the theorem, it suffices to use the fact that K is normalized by the core of N r in N r−1 . So, without loss of generality, we can assume that N r is normal in N r−1 . We shall prove the theorem firstly for the case when K is centrally finite, that is, when K is a finite dimensional vector space over its center Z(K), and then for the general case.
Case 1. K is centrally finite:
We shall prove the statement by induction on r. If r = 0, then K * is normal in D * , and the statement is true by the Carter-Brauer-Hua Theorem. Assume that the statement holds for any almost subnormal subgroup in D * of defect < r. Assuming K ⊆ F , we must show K = D. In view of Lemma 7, K is not commutative. We claim that Z(K) is contained in F . Indeed, for any x ∈ Z(K), g ∈ N r and h ∈ K, since gKg
Hence, gxg −1 ∈ Z(K) for any x ∈ Z(K) and g ∈ N r . This means that Z(K) is N r -invariant. By Lemma 7, Z(K) ⊆ F . The claim is proved. Since K ⊆ F , by Lemma 6, there exists an element h ∈ (K ∩ N )\F . Assume that N r ⊆ K. Then, there exists g ∈ N r \K. Consider the morphism ψ : K → K defined by ψ(x) = gxg −1 for any x ∈ K. This morphism is a Z(K)-automorphism of K in view of the inclusion Z(K) ⊆ F . Since K is finite dimensional over Z(K), by the Skolem-Noether Theorem, there exists a ∈ K * such that ψ(x) = axa
for any x ∈ K. In particular, ghg
, but in view of Lemma 9, C D (h) ⊆ K, so we have g ∈ K, a contradiction. Thus, N r ⊆ K. As a corollary, the division subring L of D generated by N r is contained in K and L is N r−1 -invariant. By the inductive hypothesis, L = D, and consequently, K = D.
Case 2. General case:
As in Case 1, we shall prove the statement by induction on r. If r = 0, then the statement is true by the Carter-Brauer-Hua Theorem. Assume that the statement holds for any almost subnormal subgroup of D of defect < r. Assuming K ⊆ F , we must show K = D. We claim that N r ⊆ K. Indeed, deny the claim, assume that N r ⊆ K. Then, take g ∈ N r \K and h ∈ (K ∩ N r )\F (h exists by Lemma 6) .
On the other hand
. In view of Lemma 9, α(h, g) ∈ F . Observe that for any g ′ ∈ K ∩ N r , gg ′ ∈ N r \K, so α(h, gg ′ ) ∈ F ∩ K for any g ′ ∈ N r ∩ K. Let us fix some element e ∈ (K ∩ N r )\F , and recall elements w n (a, b) which have been constructed before Lemma 5 for a, b ∈ D * and n ≥ 0. We claim that α(h, gw r+1 (d, e)) ∈ F ∩K ⊆ Z(K) for any d ∈ D * . To do this, it suffices to show that w r+1 (d, e) ∈ N r ∩ K for any d ∈ D * . Recall that e ∈ N r ∩ K, so by remark before Lemma 5, we have w r (d, e) ∈ N r for any d ∈ D * . Moreover, since K is N r -invariant, we also have 
